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Abstract: A comprehensive theory is developed for the chiral optical response of two configurations
of the N-oscillator Born–Kuhn model (NOBK): the helically stacked and the corner stacked models.
In the helical NOBK model, there is always a chiral response regardless of the value of N, whereas
in the corner NOBK, only configurations with even N demonstrate a chiral response. Generally, the
magnitudes of optical rotatory dispersion (ORD) and circular dichroism (CD) increase with N when
the parameters of each oscillator are fixed. In cases of weak coupling, the spectral shapes of ORD
and CD remain invariant, while strong coupling significantly alters the spectral shapes. For large
damping, the spectral amplitude becomes smaller, and the spectral features become broader. In the
presence of small damping, strong coupling introduces degeneracy in the coupled oscillator system,
leading to multiple spectral features in both ORD and CD across the entire spectral region. This
simple model can not only help in the design of tunable chiral metamaterials but also enhance our
understanding of chiro-optical responses in structures with different configurations.

Keywords: Born–Kuhn model; chiral plasmonics; chiral structures; chiral optics; circular dichroism;
optical rotatory dispersion; coupled oscillators

1. Introduction

Chiral metamaterials—the artificially created structures that use subwavelength build-
ing blocks to break the reflection symmetry—exhibit strong optical activity and possess
chiral optical properties. The importance of chiral metamaterials lies in their ability to
manipulate the polarization state of light and enable new functionalities that are not readily
available in naturally occurring materials. By designing chiral metamaterials with tailored
optical responses, researchers can develop novel devices such as circular polarizers [1],
chiral lenses [2], and chiral absorbers [3] for applications in various fields, including op-
tics, telecommunications, sensing [4], and imaging [5]. Understanding the chiral optical
properties of these metamaterials is essential for harnessing their potential in practical
applications. Chiral optical properties arise from the difference in the interaction of left-
handed circularly polarized light (LCP) and right-handed circularly polarized light (RCP)
with the metamaterial structures. When illuminated with circularly polarized light, chiral
metamaterials induce a phase or absorption difference between LCP and RCP components,
leading to a net optical activity characterized by optical rotatory dispersion (ORD) and
circular dichroism (CD).

Numerical calculations are essential for understanding complex chiral structures
and predicting their optical responses. Various methods, such as the finite-difference
time-domain (FDTD) calculation [6], the finite element method (FM) [7], discrete dipole
approximation (DDA) [8,9], and rigorous coupled-wave analysis (RCWA) [10], are com-
monly employed for such simulations. Numerical modeling allows researchers to optimize
the design of chiral metamaterial structures for specific applications. However, interpret-
ing the results and establishing a clear physical picture linking the calculated outcomes
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to the intricate structures can be challenging due to the complexity of the systems and
numerical algorithms.

Recently, the Born–Kuhn (BK) model has emerged as a promising approach to address
this challenge [11,12]. The BK model considers spatially stacked coupled oscillators with
different orientations, providing a classic framework to predict the optical activity of chiral
molecules. This model treats electrons in a molecule as damped Lorentzian oscillators
subjected to an external electromagnetic wave, and it has been successfully applied to ex-
plain the chiral response of two perpendicular corner-stacked nanorods [13]. A generalized
version of the BK model was later presented for stacked plasmonic nanorods with arbitrary
azimuthal angles or polarization directions, enabling accurate predictions of optical and
non-optical activity for various two-nanorod systems [14]. The BK model has also been
extended to study chiroptical properties in systems with non-linear coupling, incorporating
perturbative terms for each oscillator [15]. In a recent work, a systematic comparison
between the BK model and the FDTD results has been conducted, demonstrating that these
methods can successfully predict the chiro-optical properties of corner-stacked plasmonic
nanorods [16].

However, in more complicated experimental scenarios, a greater number of oscil-
lators has to be considered. For instance, Larsen et al. fabricated a triply stacked Ag
oligomer with dielectric spacer layers in-between each of the Ag layers [17]. According to
the correspondence principle from the BK model to plasmonic structures, each Ag layer
can be treated as a damped harmonic oscillator, leading to a 3-oscillator BK model for the
entire oligomer structure. In more complex scenarios, the number of plasmonic layers
can be increased further, giving rise to an N-oscillator BK model. For example, in the
Au-nanoparticle-decorated DNA structures, a chain of Au nanoparticles was arranged in
a chiral manner around a central axis [18,19]. In this case, each Au nanoparticle acts as a
damped harmonic oscillator, and the entire Au-nanoparticle-decorated DNA structure can
be represented by an N-oscillator BK model. Moreover, Song et al. experimentally real-
ized Au-nanoparticle-decorated double helical DNA structures [20], introducing additional
complexity in configuration to the analogous BK model. Thus, it becomes important to theo-
retically extend the previously discussed 2-oscillator BK model to an N-oscillator BK model
and investigate how the number of oscillators and the coupling among them influence
the chiro-optical property. Experimental observations also indicate that the N-oscillator
BK model may exhibit different oscillator configurations, which can significantly impact
the resulting chiro-optical response. Therefore, it is expected that a systematic theoretical
exploration of N-oscillator BK model holds great promise in providing valuable insights
into the behavior of chiral structures with multiple oscillators and offers opportunities to
elucidate the intricate mechanisms underlying their chiro-optical properties.

Here, we present a general theory for N-oscillator Born–Kuhn (NOBK) models with
two different configurations: the helically stacked and corner stacked models. The exact
analytic expressions for the ORD and CD responses in these models are derived, and their
chiro-optical spectral features have been investigated systematically for different damping
and coupling situations.

2. N-Oscillator Born–Kuhn Models

We consider two kinds of N-oscillator Born–Kuhn (NOBK) models, the helically
stacked and corner stacked NOBK models as shown in Figure 1. As shown in Figure 1a,
the helical NOBK model starts from an oscillator (blue, indicated by displacement x1)
aligned with the positive x-axis. Moving up along with the z-axis, the second oscillator
(red, displacement y2) is parallel to the positive y-axis, then the third oscillator (blue,
displacement x3) is anti-parallel to the x-axis, the fourth oscillator (red, displacement y4) is
aligned with the negative y-axis, and so on. Between the two adjacent oscillators, there is a
coupling interaction, denoted by the dashed lines in the figure. Looking along the positive
z-axis, all the oscillators are arranged to rotate counter-clockwise in Figure 1a. Clearly, a
clockwise configuration can be designed as well. Both the clockwise helical NOBK and
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counter-clockwise helical NOBK models are mirror images of each other, and form a pair
of enantiomers. For the corner stacked NOBK model shown in Figure 1b, the oscillators
are arranged alternatively along the x- and y-axis, all the x-oscillators are aligned with
the positive x-axis, while all y-oscillators are parallel to the y-axis. When the number of
oscillators N is even, its mirror image is its enantiomer. However, if N is odd, it can be
transformed into its mirror image by two rotations. For example, when N = 3, one can
rotate the structure in Figure 1b 90o clockwise around the z-axis, and then rotate it by
180o about the y-axis to obtain its mirror arrangement.
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Figure 1. Schematic representation of (a) helically stacked and (b) corner stacked N-oscillator Born–
Kuhn models. In the illustration, all the blue oscillators are either parallel or anti-parallel to the x-axis,
while all red oscillators are either parallel or anti-parallel to the y-axis.

Using the convention in which positive displacement always corresponds to particle’s
motion in the positive direction of either x- or y-axis, and restricting consideration to
identical damping coefficients γ, identical resontant frequencies ω2

0, as well as identical
nearest-neighbors coupling constants g, the equations of motion for the oscillators in the
helical NOBK model are

..
x1 + γ

.
x1 + ω2

0x1 + gy2 = f1(t)..
y2 + γ

.
y2 + ω2

0y2 + gx1 − gx3 = f2(t)..
x3 + γ

.
x3 + ω2

0x3 − gy2 + gy4 = f3(t)..
y4 + γ

.
y4 + ω2

0y4 + gx3 − gx5 = f4(t)..
x5 + γ

.
x4 + ω2

0x5 − gy4 + gy6 = f5(t)
· · ·

, (1)

where the alternating ±g on the left-hand side are due to simple physical considerations,
and there are N equations corresponding to N oscillators in the system. Since our primary
interest is in the system’s gyrotropic response, we assume harmonic drive in the form of a
plane electromagnetic wave of frequency ω and wave number k propagating in the positive
z-direction, 

f1(t)
f2(t)
f3(t)
f4(t)
f5(t)
...


=

(−qe)

me



Ex0
Ey0eikd

Ex0e2ikd

Ey0e3ikd

Ex0e4ikd

...


e−i(ωt−kz0), (2)
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where qe and me are the effective charge and mass parameters characterizing the oscillating
charge distributions. Applying the solutions,

x1(t)
y2(t)
x3(t)
y4(t)
x5(t)
...


=



u1
u2
u3
u4
u5
...


e−i(ωt−kz0), (3)

Equation (1) can be cast in a matrix form with steady-state solutions (i.e., all the e−iωt terms
are dropped off),

AN



u1
u2
u3
u4
u5
...


=

(−qe)

me



Ex0
Ey0eikd

Ex0e2ikd

Ey0e3ikd

Ex0e4ikd

...


, (4)

with

AN =



Ω2 g 0 0 0 · · ·
g Ω2 −g 0 0 · · ·
0 −g Ω2 g 0 · · ·
0 0 g Ω2 −g · · ·
0 0 0 −g Ω2 · · ·
...

...
...

...
...

. . .


, (5a)

where Ω2 ≡ ω2
0 − ω2 − iγω. Note that the AN in Equation (5a) is for a counter-clockwise

helical NOBK. For a clockwise helical NOBK, AN changes to

AN =



Ω2 −g 0 0 0 · · ·
−g Ω2 g 0 0 · · ·
0 g Ω2 −g 0 · · ·
0 0 −g Ω2 g · · ·
0 0 0 g Ω2 · · ·
...

...
...

...
...

. . .


. (5b)

In the following discussion for helical NOBK, we will focus on Equation (5a), the counter-
clockwise helical NOBK.

For the corner NOBK model (Figure 1b), the equations of motion can be written as

..
x1 + γ

.
x1 + ω2

0x1 + gy2 = f1(t)..
y2 + γ

.
y2 + ω2

0y2 + gx1 + gx3 = f2(t)..
x3 + γ

.
x3 + ω2

0x3 + gy2 + gy4 = f3(t)..
y4 + γ

.
y4 + ω2

0y4 + gx3 + gx5 = f4(t)..
x5 + γ

.
x4 + ω2

0x5 + gy4 + gy6 = f5(t)
· · ·

, (6)
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and the steady-state solution for Equation (6) can also be written in matrix form with

AN =



Ω2 g 0 0 0 · · ·
g Ω2 g 0 0 · · ·
0 g Ω2 g 0 · · ·
0 0 g Ω2 g · · ·
0 0 0 g Ω2 · · ·
...

...
...

...
...

. . .


. (7a)

The AN for the mirror arrangement of Figure 1b about the x–z plane can be written as

AN =



Ω2 −g 0 0 0 · · ·
−g Ω2 −g 0 0 · · ·
0 −g Ω2 −g 0 · · ·
0 0 −g Ω2 −g · · ·
0 0 0 −g Ω2 · · ·
...

...
...

...
...

. . .


. (7b)

Similarly, below, we will only focus on Equation (7a), i.e., the structure in Figure 1b. The
general solution for Equation (4) can be written as

u1
u2
u3
u4
u5
u6
...


= − qe

me
A−1

N



Ex0
Ey0eikd

Ex0e2ikd

Ey0e3ikd

Ex0e4ikd

Ey0e5ikd

...


. (8)

According to Appendix A, if ϕl,j is the element of the inverse matrix A−1
N , then

ul = − qe

me
∑N

j=1 ϕl,jEjei(j−1)kd = − qe

me

[
∑[ N+1

2 ]

j=1 ϕl,(2j−1)e
i2(j−1)kdEx0 + ∑[ N

2 ]

j=1 ϕl,(2j)e
i(2j−1)kdEy0

]
= − qe

me
(u

lx
+ uly

)
. (9)

where the symbol
[

N+1
2

]
or

[
N
2

]
means taking an integer less or equal to the term in

[], ulx = ∑
[ N+1

2 ]
j=1 ϕl,(2j−1)ei2(j−1)kdEx0, and ∑

[ N
2 ]

j=1 ϕl,(2j)ei(2j−1)kdEy0. For both the helical and
corner NOBK models, the induced polarization can then be found as [21,22]

Px = ω2
p∑[(N−1)/2]

l=0 u2l+1(∓1)le−ik(2l)d = ω2
p∑[(N−1)/2]

l=0 (u (2l+1)x +u(2l+1)y

)
(∓1)

l
e−ik(2l)d, (10)

Py = ω2
p∑[N/2]

l=1 u2l(∓1)l+1e−ik(2l+1)d = ω2
p∑[N/2]

l=1 (u (2l)x +u(2l)y

)
(∓1)

l+1
e−ik(2l+1)d, (11)

Pz = 0, (12)

where ω2
p = n0q2

e
me

, n0 is the bulk concentration of NOBK molecules. The “−” sign is for the
helical NOBK model, and the “+” sign is for the corner NOBK model. Insert Equation (9)
into Equations (10) and (11), and one has

Px = χxxEx0 + χxyEy0 and Py = χyxEx0 + χyyEy0, (13)
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with 

χxx = ω2
p∑

[(N−1)/2]
l=0 ∑

[(N+1)/2]
j=1 (∓1)lϕ(2l+1),(2j−1)ei(2j−2l−2)kd

χxy = ω2
p∑

[(N−1)/2]
l=0 ∑

[N/2]
j=1 (∓1)lϕ(2l+1),(2j)e

i(2j−2l−1)kd

χyx = ω2
p∑

[N/2]
l=1 ∑

[(N+1)/2]
j=1 (∓1)l+1ϕ(2l),(2j−1)e

i(2j−2l−3)kd

χyy = ω2
p∑

[N/2]
l=1 ∑N/2

j=1 (∓1)l+1ϕ(2l),(2j)e
i(2j−2l−2)kd

. (14)

The exact expressions for polarization as a function of kd become rather cumbersome
and not very illuminating for N > 2, which motivates us to use the quasi-static (long-
wavelength) approximation, kd ≪ 1, and keep only linear terms in kd,

χxx = ω2
p∑

[(N−1)/2]
l=0 ∑

[(N+1)/2]
j=1 (∓1)lϕ(2l+1),(2j−1)

χxy = ω2
p∑

[(N−1)/2]
l=0 ∑

[N/2]
j=1 (∓1)lϕ(2l+1),(2j)[1 + i(2j − 2l − 1)kd]

χyx = ω2
p∑

[N/2]
l=1 ∑

[(N+1)/2]
j=1 (∓1)l+1ϕ(2l),(2j−1)[1 + i(2j − 2l − 3)kd]

χyy = ω2
p∑

[N/2]
l=1 ∑

[N/2]
j=1 (∓1)l+1ϕ(2l),(2j)

. (15)

Since ϕl,j = ϕj,l for both helical and corner NOBK models, according to Equation (15),
χxy and χyx can be written as [16,21,22],

χxy = χ0
xy − ikΓ and χyx = χ0

yx + ikΓ, (16)

with
χ0

xy = χ0
yx = ω2

pkd∑[(N−1)/2]
l=0 ∑[N/2]

j=1 (∓1)lϕ(2l+1),(2j), (17)

Γ = −ω2
pd∑[(N−1)/2]

l=0 ∑[N/2]
j=1 (∓1)lϕ(2l+1),(2j)(2j − 2l − 1), (18)

where Γ representing chiral induced polarization. If we only consider the chiral effect, after
averaging in three-dimensional space, we obtain

Γ = −
ω2

pd
3 ∑[(N−1)/2]

l=0 ∑[N/2]
j=1 (∓1)lϕ(2l+1),(2j)(2j − 2l − 1). (19)

The chiral optical response of a chiral medium is determined by three optical param-
eters: the index of refraction, ORD, and CD. The index of refraction for RCP, denoted as
n+, and LCP, denoted as n−, are distinct and can be represented as [16,23] n2

± = n2 ± κn
with n being the average index of refraction and κ is the gyration. In the limit of κ ≪ n,
∆n = n+ − n− ≈ κ, which is determined by κ. According to [22], κ ≈ ω

v Γ with v being
the speed of the electromagnetic wave in vacuum. The ORD and CD can be calculated
as follows,

ORD = ∆ϕ =

∼
ωL
2vl

Re(∆n) ≈
∼
ω

2

2v2
l

Re(Γ), (20a)

CD = ∆A =
2
∼
ωL
vl

Im(∆n) ≈ 2
∼
ω

2

v2
l

Im(Γ). (20b)

where ∆ϕ is optical rotation angle, ∆A is the change in the absorbance of the spectra due
to the LCP and RCP incidence,

∼
ω = ω

ω0
, vl =

v
ω0

, and L is the path length of the medium.
Since we can treat both vl and L as constant, we can define the effective ORD and CD
responses,

ORD =
2v2

l
L

× ORD =
∼
ω

2
Re(Γ), (21a)

CD =
v2

l
2L

× CD =
∼
ω

2
Im(Γ). (21b)
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In the following section, we will discuss in detail how different NOBK models, the number
of oscillators, and oscillator parameters affect the effective ORD and CD responses.

2.1. The Helical NOBK Model

For the helical NOBK model, according to Appendix A, ϕl,j can be written as

ϕl,j = (−1)
j(j−1)−l(l−1)

2
sin(lσ)sin[(N + 1 − j)σ]

gsinσsin[(N + 1)σ]
, (22)

where σ = cos−1(Ω2

2g ). Thus,

Γ = −
ω2

pd
3 ∑[(N−1)/2]

l=0 ∑[N/2]
j=1

(
−1)j(2j−1)−l(2l+1)+l(2j − 2l − 1)

sin((2l + 1)σ)sin[(N + 1 − 2j)σ]
gsinσsin[(N + 1)σ]

. (23)

Let us look at when N = 2, l = 0 and j = 2, so, Γ =
dω2

p
3

sin[σ]
gsin[3σ]

=
dω2

p
3g

1
3−4sin2σ

=
dω2

p
3g

1

4
(

Ω2
2g

)2
−1

=

dω2
p

3
g

Ω4−g2 . Table 1 shows the calculated χxx, χxy, and Γ for some representative even N and

odd N helical NOBKs respectively. We notice that when N is even, the expressions for χxx,
χxy, and Γ become more complicated, while for odd N they are much simpler. Note that
χxy = χyx.

Below, we will give an extensive discussion on how both ORD and CD change with N
under different damping and coupling constants. To make all the quantities comparable,

we set b = γ
ω0

, and c = g
ω2

0
, thus Ω2

ω2
0
= 1 − ∼

ω
2
− ib

∼
ω.

(1) Large damping

In cases where b is large and c is small, corresponding to weak coupling ( g ≪ Ω2
)

,
the expressions in Table 1 yield

Γ ≈ − (N − 1)gd
Ω4 , (24)

i.e., according to Equations (21a) and (21b), the functional shapes of both ORD and CD

with respect to
∼
ω remain unchanged. Only the magnitudes of ORD and CD experience a

linear increase with N. Figure 2a,b show the plots of ORD and CD versus
∼
ω for b = 0.5

and c = 0.001 at N = 2 to 9. The overall magnitudes of |ORD| and |CD| are smaller than
0.035. As expected, the overall amplitudes |ORD| and |CD| increase with N. ORD exhibits
a primary peak and attains a maximum value at

∼
ωM = 1. At

∼
ωz∓ = 0.78 and 1.28, ORD

reaches zero. These two zero positions are slightly asymmetry about
∼
ωM = 1. Beyond

these two
∼
ωz∓ values, ORD is negative. Thus, for a fixed c with the increase in N, this

ORD peak becomes sharper. On the contrary, CD exhibits a bisinuate line shape. At
∼
ω = 1, CD = 0. This observation is consistent across all values of N, b, or c, since at
∼
ω = 1, Ω2

ω2
0
= −ib

∼
ω and according to the expressions for Γ in Table 1, the Γ value is real.

Regardless of N values, at
∼
ω− = 0.866, CD reaches a negative dip, while at

∼
ω+ = 1.155,

CD achieve a positive peak. At these two extreme locations, CD

(∼
ω−

)
= CD

(∼
ω+

)
, while

1 − ∼
ω− = 0.134 <

∼
ω+ − 1 = 0.155, there is slight asymmetry in the CD spectrum about

∼
ωM = 1. The slight asymmetric spectral shapes about

∼
ωM = 1 in both ORD − ∼

ω and
CD − ∼

ω spectra are due to strong damping.
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Figure 2. The plots of (a) ORD − ∼
ω and (b) CD − ∼

ω for b = 0.5 and c = 0.001 at N = 2 to 9. The 2D
maps of (c) ORD and (d) CD with 0.01 ≤ c ≤ 0.6 for N = 6.

In addition, ORD and CD are both influenced by the coupling strength c. Figure 2c,d
present two-dimensional (2D) map plots of ORD − ∼

ω and CD − ∼
ω with varying c from 0.01

to 0.6 for N = 6. Several features can be seen: (1) The peak intensity of ORD − ∼
ω consistently

increases with c, as indicated by Equation (24), Γ ∝ c. (2) The ORD peak exhibits increased
broadening with higher c values. (3) The separation of the negative dip location

∼
ω− and

positive peak location
∼
ω+ for CD increases with c. In more detail, Figure 3a shows plots of

ORD and CD versus
∼
ω for b = 0.5 and c = 0.2 at N = 2 to 9. The overall spectral trends with

N look similar to those of Figure 2a, while more detailed inspection shows some interesting
differences. The maximum location

∼
ωM of ORD − ∼

ω spectra shifts slightly for different
N: N = 2–5,

∼
ωM = 1.004; when N increases to 6–9,

∼
ωM = 1.002. The zero-crossing locations

∼
ωz± do not stay the same, rather they vary with N: the top of Figure 3c (red data points
for c = 0.2) plots

∼
ωz± − 1 versus N, and the two blue lines outline the

∼
ωz± locations for

c = 0.001. It appears that except for N = 2, with the increase in N, the
∼
ωz± values at c = 0.2

approach the corresponding values at c = 0.001.
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Table 1. The resulting χxx, χyy, χxy, and Γ expression for helical NOBK models.

N χxx=χyy χxy Γ

2 −Ω2

g2−Ω4
g

g2−Ω4
gd

g2−Ω4

4 Ω2(−5g2+2Ω4)
g4−3g2Ω4+Ω8

3g3−gΩ4

g4−3g2Ω4+Ω8
gd(5g2−3Ω4)
g4−3g2Ω4+Ω8

6 Ω2(−14g4+14g2Ω4−3Ω8)
g6−6g4Ω4+5g2Ω8−Ω12

g(6g4−5g2Ω4+Ω8)
g6−6g4Ω4+5g2Ω8−Ω12

gd(14g4−21g2Ω4+5Ω8)
g6−6g4Ω4+5g2Ω8−Ω12

8 Ω2(−30g6+54g4Ω4−27g2Ω8+4Ω12)
g8−10g6Ω4+15g4Ω8−7g2Ω12+Ω16

g(2g2−Ω4)(5g4−5g2Ω4+Ω8)
g8−10g6Ω4+15g4Ω8−7g2Ω12+Ω16

gd(30g6−81g4Ω4+45g2Ω8−7Ω12)
g8−10g6Ω4+15g4Ω8−7g2Ω12+Ω16

10 Ω2(−55g8+154g6Ω4−132g4Ω8+44g2Ω12−5Ω16)
g10−15g8Ω4+35g6Ω8−28g4Ω12+9g2Ω16−Ω20

g(15g8−35g6Ω4+28g4Ω8−9g2Ω12+Ω16)
g10−15g8Ω4+35g6Ω8−28g4Ω12+9g2Ω16−Ω20

gd(55g8−231g6Ω4+220g4Ω8−77g2Ω12+9Ω16)
g10−15g8Ω4+35g6Ω8−28g4Ω12+9g2Ω16−Ω20

3 2
Ω2

−Ω2

2g2−Ω4
2gd

2g2−Ω4

5 3
Ω2

−2Ω2

g2−Ω4
4gd

g2−Ω4

7 4
Ω2

Ω2(3Ω4−10g2)
2g4−4g2Ω4+Ω8

2gd(10g2−3Ω4)
2g4−4g2Ω4+Ω8

9 5
Ω2

2Ω2(2Ω4−5g2)
g4−3g2Ω4+Ω8

4gd(5g2−2Ω4)
g4−3g2Ω4+Ω8
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Figure 3. The plots of ORD − ∼
ω and CD − ∼

ω at N = 2 to 9 for b = 0.5 and (a) c = 0.2 and (b) c = 0.6.
(c) The plots of

∼
ωz± − 1 and

∼
ω∓ − 1 versus N for c = 0.2 (red) and 0.6 (black), respectively.

All the CD − ∼
ω spectra maintain the bisinuate line-shape, but both

∼
ω− and

∼
ω+ vary

with N. The bottom of Figure 3c (red data points for c = 0.2) plots
∼
ω± − 1 versus N

with the two blue lines indicating the
∼
ω± locations for c = 0.001. Similar trends like

∼
ωz± versus N are observed for

∼
ω±. In addition, the

∣∣∣CD

(∼
ω−

)∣∣∣ is always smaller than∣∣∣CD

(∼
ω+

)∣∣∣, further demostrating the asymmetric spectral shape. If we define a parameter

γ =
CD

(∼
ω+

)
+CD

(∼
ω−

)
∣∣∣CD

(∼
ω−

)∣∣∣+∣∣∣CD

(∼
ω+

)∣∣∣ to caharcetrize the degree of asymmetry, we obtain γ = 0.0339,

0.0658, 0.0458, 0.0339, 0.0279, 0.0224, 0.0193, and 0.0167 for N = 2 to 9, respectively. Except
for N = 2, the γ value decreases monotonically with N, showing that the spectral shape of
CD − ∼

ω becomes less asymetric.
As the coupling strength c increases to 0.6, indicating a scenario of strong damping and

strong coupling, both ORD − ∼
ω and CD − ∼

ω spectra for N = 2 to 9 closely resemble those at
c = 0.2, with distinct

∼
ωM,

∼
ωz±, and

∼
ω± for a fixed N, as shown in Figure 3b. For N = 2, 4, 6,

and 8, both the ORD − ∼
ω and CD − ∼

ω spectra are quite similar to those shown in Figure 3a.
Detailed inpsction shows that

∼
ωM shifts significantly away from

∼
ωM = 1:

∼
ωM = 1.078,

1.031, 1.019, and 1.014 for N = 2, 4, 6, and 8, respectively, i.e.,
∼
ωM decreases monotonically

with even number N. The ORD spectral shapes become more asymetric compared to those
of c = 0.2. However, for odd N, the spectral shapes are highly skewed. For N = 3. The peak
at

∼
ω = 1 is very broad with ORD value at

∼
ω < 1 significantly smaller than that at

∼
ω > 1.

With the increase in N, the peak becomes narrower, but still skewed, with left-side ORD

values smaller than right-side ORD values. Only when N = 9 does the ORD − ∼
ω spectrum

become more symmetric. In addition, for N = 3, 5, 7, and 9,
∼
ωM = 1.166, 1.078, 1.038, and

1.021, also decreases monotonically with odd number N. Similar behaviors are observed
for CD spectra: for even Ns, the change in CD spectra versus N seems continuing the trend
from Figure 3a, while for odd Ns, the spectra become highly asymmetric.

The black data points in Figure 3c (top figure) show the relationship between
∼
ωz± − 1

and N for c = 0.6. Both
∼
ωz± are quite far away from the

∼
ωz± locations at c = 0.001. Except

for N = 2,
∼
ωz+ − 1 approaches 0.28 (the c = 0.001 value) monotonically with the increase

in N; similar relationship is observed for
∼
ω+ − 1 in the bottom of Figure 3c. For

∼
ωz−, no

monotonical trend is observed. However, for
∼
ω− − 1, depending on whether N is even or
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odd, it seems to follow two monotonically increasing trends as indicated by the dotted and
dashed purple curves (guides for eyes). The degree of asymmetry of the CD spectrum is also
characterized by γ, with γ = 0.253, 0.178, 0.175, and 0.149 for N = 2, 4, 6, and 8, respectively;
as well as γ = 0.475, 0.252, 0.162, and 0.113 for N = 3, 5, 7, and 9. Therefore, the γ value
decreases monotonically with even or odd N. This shows that with the increase in N, the
chiro-optical response spectra will become more symmetric. Note that for c = 0.6, all the γ
values are almost one order of magnitude large than those at c = 0.2, indicating that stronger
coupling between adjacent oscillators will induce more asymmetric chiro-optical response.

(2) Small damping

Figure 4 plots the selected ORD − ∼
ω and CD − ∼

ω relationships for N = 2 to 9 at b = 0.01
and c = 0.001, 0.2, and 0.6, respectively. In the scenario where c = 0.001 ≪ b = 0.01,
corresponding to small damping and weak coupling, both ORD − ∼

ω and CD − ∼
ω have

the same spectral shape as shown in Figure 4a. The ORD − ∼
ω spectra are symmetric

about
∼
ω = 1, with

∼
ωM = 1.00 for all N, and only two fixed zero-crossings locations are

observed, with
∼
ωz− = 0.995 and

∼
ωz+ =1.005, both symmetrically located about

∼
ωM = 1. In

addition, the ORD spectra are notably sharper than those in Figure 2a and the corresponding
maximum values (ORD

(∼
ω = 1

)
) are in the order of 10–80, significantly larger than those in

situations with larger damping. For CD − ∼
ω spectra, only 1 pair of

∼
ω− and

∼
ω+ are observed

at
∼
ω− = 0.997 and

∼
ω+ = 1.003, regardless of N, also symmetrically located about

∼
ωM = 1.

Furthermore, we observe that
∣∣∣CD

(∼
ω−

)∣∣∣ = ∣∣∣CD

(∼
ω+

)∣∣∣. The small separation between
∼
ω−

and
∼
ω+ results in a small spectral span in CD but much greater magnitudes compared to

Figure 2b. The magnitude of both ORD and CD increases monotonically with N.
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Figure 4. The plots of ORD − ∼
ω and CD − ∼

ω at N = 2 to 9 for b = 0.01 and (a) c = 0.001, (b) c = 0.2,
and (c) c = 0.6.

When c increases to 0.2, the spectral features in both ORD − ∼
ω and CD − ∼

ω relationships
become more complicated as shown in Figure 4b. For N = 3, 5, 7, and 9, the ORD − ∼

ω

spectra share a similar shape, featuring a positive curved band centered around
∼
ω = 1 and

two large negative dips near each zero-crossing location, with the width of the central band
decreasing with N. For N = 2, 4, 6, and 8, the central bands are relatively narrower than
their N + 1 counterparts. While the spectrum is asymmetry about

∼
ω = 1, there are [N/2]

zero crossings in
∼
ω > 1 and

∼
ω < 1 regions, respectively. Near each zero crossing, there

is either a negative dip or a positive peak. Similar features are observed for the CD − ∼
ω
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relationship: For N = 3, 5, 7, and 9, there is only a negative dip at
∼
ω < 1 and a positive peak

at
∼
ω > 1, with specific (

∼
ω−,

∼
ω+) pairs being (0.845, 1.135), (0.895, 1.095), (0.920, 1.075), and

(0.935, 1.060), respectively. For N = 2, 4, 6, and 8, [N/2] positive peaks and N/2 negative
dips are evident in the spectra. Specifically, for N = 2,

∼
ω− and

∼
ω+ appear at 0.895 and 1.095;

for N = 4, two negative dips occur at 0.935 and 0.82, and two positive peaks at 1.06 and 1.15;
for N = 6, there are three negative dips at 0.865, 0.955, 1.165, and three positive peaks at 1.12,
1.045, 0.80; for N = 8, four dips are at 0.965, 0.895, 0.79, and 1.145, and four peaks at 1.035,
1.095, 1.175, and 0.835. Clearly, the number of peaks/dips in the CD plots corresponds to
the number of zero crossings in the ORD plots.

As c increases to 0.6, signifying a strong coupling case, the ORD − ∼
ω and CD − ∼

ω
relationships become even more complicated as shown in Figure 4c. All the ORD and CD

spectra become markedly asymmetric, with espectral features stretched in
∼
ω < 1 region.

For N = 2, 3, 4, 5, 6, 7, and 8, both the ORD and CD spectra closely resemble those at
c = 0.2, yet with increased asymmetry and expanded separations of relative peaks or dips.
However, for N = 9, two zero-crossing locations emerge for ORD at

∼
ω < 1 and for CD,

negative dips appear at 0.79 and 0.17, accompanied by two positive peaks at 1.17 and 1.4.
To better understand the observed splitting behaviors for different values of c, Figure 5

presents the 2D maps of CD − ∼
ω as c varies from 0.001 to 0.6. The darker line-like features

in the plots represent sharp dips while the bright curves represent sharp peaks. Initially, all
maps exhibit one dip and one peak at very small c, and depending on N and c, these dip
and peak split into multiple dip and peak lines. For N = 2, 3, 5, and 7, the dominate features
in the CD maps consist of one dip line and one peak line at

∼
ω < 1 and

∼
ω > 1, respectively.

With the incease in c, the separation between
∼
ω− and

∼
ω+ increases monotonically. However,

for the same c, the
∼
ω− and

∼
ω+ seperations become smaller with increased N. In contrast,

for even N (>2), multiple dips and peaks emerge. For example, for N = 4, two distinct dip
lines appear at

∼
ω < 1 and two peak lines occur at

∼
ω > 1. These four lines remain in both

N = 6 and N = 8 maps. But in the N = 6 map, a faint peak line emerges to the left of the
second dip line, and a very weak dip line appears to the right of the second peak line. For
N = 8, compared to N = 6, a very weak dip line is added on the far left, while a weak peak
line is introduced on the far right.
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The splitting of the peaks/dips for large c arises from the degeneracy of the coupled
oscillators in a weak damping case. When c is very small, the dominant oscillation modes
in the NOBK system are the bonding and anti-bonding modes. As discussed in [16], the
∼
ω− and

∼
ω+ correspond to bonding and anti-bonding modes of the system for N = 2. In

fact, as c increases, the stronger coupling between two adjacent oscillators leads to the
degeneration of oscillation modes. Since b is very small, the NOBK system can be treated
as N-coupled harmonic oscillators with an intrinsic frequency of ω0. Due to the coupling,
the new collective oscillation mode ωk becomes [24],

∼
ωk =

ω2
k

ω2
0
= 1 − 2ccos(

kπ

N + 1
), k = 1, 2, · · · , N. (25)

By numerically examining the negative dip and positive peak locations of CD, we find
that these locations are exactly corresponding to all the collected modes

∼
ωk for N = 2m

and some selected modes for N = 2m + 1, where m = 1, 2, 3,. . . In fact, an equation
∼
ωk =

√
1 − 2akc can be used to fit all these

∼
ω locations, with ak = cos

(
kπ

N+1

)
, k = 1, 2, . . . , m. For

N = 2m, according to Equation (25), there are a total of 2m resonant modes emerging, which
correspond to the m dips and m peaks shown in the top row of Figure 5. By fitting these
locations, we find that each of the collective modes of the N = 2m BK oscillators can exhibit
a chiral response. For N = 2m + 1, when k = m + 1,

∼
ωm+1 = 1, meaning that each oscillator

in the NOBK model vibrates with its own intrinsic frequency, results in the absence of a
chiral response. Therefore, for N = 3, only two chiral modes with

∼
ω1 =

√
1 +

√
2c and

∼
ω3 =

√
1 −

√
2c are present. For N = 5, except for the

∼
ωm+1 = 1, only when the modes of

∼
ω2 =

√
1 + c and

∼
ω4 =

√
1 − c demonstrate chiral response, which is consistent for when

N = 2. For N = 7, we found four a values, a1,7 = ±cos
(

π
8
)

and a3,5 = ±cos
( 3π

8
)
, which

correspond to
∼
ω1 and

∼
ω7,

∼
ω3 and

∼
ω5 modes, with chiral responses. For N = 9, also only

four modes have active chiral responses, a2,8 = ±cos
( 2π

10
)

and a4,6 = ±cos
(

4π
10

)
, due to

∼
ω2 and

∼
ω8,

∼
ω4 and

∼
ω6 modes. Thus, for N = 2m + 1, all modes

∼
ωm+1±2j with j ≤

[m
2
]

do not exhibit chiral response. Such a result is due to the intrinsic mirror semmetry of
the collective osscilation of these modes. Let us take N = 5 for example, the eigen vectors
for

∼
ω1 −

∼
ω5 are

{
1,

√
3,−2,−

√
3, 1

}
, {−1,−1, 0,−1, 1}, {1, 0, 1, 0, 1}, {−1, 1, 0, 1, 1},

and
{

1,−
√

3,−2,
√

3, 1
}

, respectively. The clearly eigen vector for
∼
ω3 shows non-zero

x-component oscillators, and they are on the same plane, while the eigen vectors for
∼
ω1

and
∼
ω5 are mirror vectors about the x–z plane: the amplitudes for the first y-oscillator and

second y-oscillator are interchangeable. Therefore, these two modes do not show chiral
response. Similar features are observed for the eigen vectors for

∼
ω2 and

∼
ω6 for when N = 7,

and eigen vectors for
∼
ω1 and

∼
ω9,

∼
ω3 and

∼
ω5 for when N = 9.

2.2. The Corner NOBK Model

For the corner NOBK model, according to Appendix A.2, the element of the inverse
matrix AN (Equation (7)) can be written as

ϕl,j = (−1)l+j sin(lσ)sin((N + 1 − j)σ)
gsinσsin((N + 1)σ)

, (26)

Thus,

Γ =
ω2

pd
3 ∑[(N−1)/2]

l=0 ∑[N/2]
j=1 (2j − 2l − 1)

sin((2l + 1)σ)sin((N + 1 − 2j)σ)
gsinσsin((N + 1)σ)

. (27)

Due to the structural symmetry of the model in Figure 1b, when N is odd, Γ = 0.
Therefore, only when N is even, the corner NOBK model has a non-vanishing Γ, i.e., has a
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chiro-optical response. The resulting expressions of χxx, χxy, and Γ for some even N are
summarized in Table 2. Here we also have χxy = χyx.

Figure 6 plots some ORD − ∼
ω and CD − ∼

ω spectra for different b and c. When c ≪ b,
Γ2 = Γ4 ≈ − gd

Ω4 and Γ6 = Γ8 ≈ − 2gd
Ω4 , i.e., the spectral shape of the chiral response for

N = 2 and N = 4 are the same, same for N = 6 and N = 8. Figure 6a,c show the ORD − ∼
ω

and CD − ∼
ω spectra for b = 0.5 (large damping) and c = 0.01 and b = 0.01 (small damping)

with the same c = 0.001. For both cases, due to the generancy, only two curves exist.
In fact, on the basis of the above discussion, though the amplitudes of ORD − ∼

ω and
CD − ∼

ω spectra for N = 2 and 4 are distinct, the rescaled spectral shapes should be exactly
the same, which means both the

∼
ωz± and

∼
ω± are the same for fixed b and c. However,

compared when b = 0.5, the spectra for when b = 0.01 are much narrower, more symmetric,
and have a much greater magnitude in both ORD and CD. However, when c increases,
all spectra start to degenerate. For example, as shown in Figure 6b, for b = 0.5 and
c = 0.2, four different spectra emerge for both ORD and CD. Similar trend is observed
for b = 0.01 and c = 0.2 as shown in Figure 6d. The behavior of the spectra at high
damping constnat (say b = 0.5) are very similar to those discussed in the chiral NOBK
model (Figures 2 and 3). However, for small damping, the behavior is very different. The
spectral shapes of ORD − ∼

ω mimic multiple-band structure. For N = 2, there is a positive
band between

∼
ω = 0.894 and 1.096. For N = 4, two positive bands appear, one is between

∼
ω = 0.823 and 0.936, the other between

∼
ω = 1.06 and 1.151. For N = 6, three positive

bands are shown,
∼
ω = 0.8 to 0.866, 0.955 to 1.043, and 1.118 to 1.167. In between these

positive bands, there are two negative bands. Through Figure 6d, it is interesting to note
that the positive bands in ORD spectra for different N are largely compensate to different
spectral regions with slightly overlaps at the edge. It is expected that by combining helical
NOBK layers with different N and appropriate thickness, one may design a broader band
optical rotator.

Figure 6. The plots of ORD − ∼
ω and CD − ∼

ω of the corner NOBK models at N = 2, 4, 6, and 8 for
(a) b = 0.5 and c = 0.001; (b) b = 0.5 and c = 0.2; (c) b = 0.01 and c = 0.001; and (d) b = 0.01 and
c = 0.2.
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Table 2. The resulting χxx, χyy, χxy, and Γ expression for corner NOBK models.

N χxx=χyy χxy Γ

2 −Ω2

g2−Ω4
g

g2−Ω4
gd

g2−Ω4

4 Ω2(2Ω4−g2)
g4−3g2Ω4+Ω8

g3−3gΩ4

g4−3g2Ω4+Ω8 − dg(g2+Ω4)
g4−3g2Ω4+Ω8

6 Ω2(2g4−6g2Ω4+3Ω8)
−g6+6g4Ω4−5g2Ω8+Ω12

2g5−9g3Ω4+5gΩ8

g6−6g4Ω4+5g2Ω8−Ω12
dg(2g4−g2Ω4+Ω8)

g6−6g4Ω4+5g2Ω8−Ω12

8 Ω2(−2g6+14g4Ω4−15g2Ω8+4Ω12)
g8−10g6Ω4+15g4Ω8−7g2Ω12+Ω16

2g7−21g5Ω4+25g3Ω8−7gΩ12

g8−10g6Ω4+15g4Ω8−7g2Ω12+Ω16 − dg(2g6+3g4Ω4−3g2Ω8+Ω12)
g8−10g6Ω4+15g4Ω8−7g2Ω12+Ω16

10 Ω2(3g8−26g6Ω4+48g4Ω8−28g2Ω12+5Ω16)
−g10+15g8Ω4−35g6Ω8+28g4Ω12−9g2Ω16+Ω20

3g9−39g7Ω4+80g5Ω8−49g3Ω12+9gΩ16

g10−15g8Ω4+35g6Ω8−28g4Ω12+9g2Ω16−Ω20
dg(3g8−3g6Ω4+8g4Ω8−5g2Ω12+Ω16)

g10−15g8Ω4+35g6Ω8−28g4Ω12+9g2Ω16−Ω20
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For CD − ∼
ω, there are multiple peaks and dips quite symmetrically distributed around

∼
ω = 1, each spectrum has N/2 numbers of peaks and equal number of dips. In fact, both
the adjacent peaks and dips can be treated as a bisinuate line shape, with different zero-
cross locations and corresponding

∼
ω±, i.e., there are N/2 numbers of bisinuate lines. For

N = 2, there is only one bisinuate line shape, with zero-crossing location at
∼
ωz = 1 and

∼
ω± =1.096 and 0.895. For N = 4, the first zero-crossing location

∼
ωz1 = 1.106 and corre-

sponding
∼
ω1± =1.151 and 1.06; the second zero-crossing at

∼
ωz2 = 0.882 and corresponding

∼
ω2± =0.936 and 0.823. For N = 6, there are three bisinuate line shapes, with

∼
ωz1 = 1.141,

∼
ω1± =1.167 and 1.118;

∼
ωz2 = 1,

∼
ω2± =1.044 and 0.955; and

∼
ωz3 = 0.836,

∼
ω3± =0.867

and 0.8. Finally for N = 8, the four bisinuate line shapes are
∼
ωz1 = 1.158,

∼
ω1± =1.173

and 1.143;
∼
ωz2 = 1.066,

∼
ω2± =1.096 and 1.034;

∼
ωz3 = 0.931,

∼
ω3± =0.965 and 0.895; and

∼
ωz4 = 0.812,

∼
ω4± =0.833 and 0.79. If one take

∼
ωm = 1 as the reference location and inspect

the CD responses at
∼
ω < 1 and

∼
ω > 1, one can find that the responses of N = 2 and 6 are

exactly out of phase of response from N = 4 and 8. Thus, CD responses of even N/2 models
are opposite to the response of odd N/2 models. Compared to the weak coupling case, the
magnitudes of both ORD and CD are approximately one order of magnitude larger.

3. Conclusions

In conclusion, our work presents a comprehensive theory elucidating the chiral optical
response of two distinct N-oscillator Born–Kohn models: the helically stacked and the
corner stacked configurations. Each model comprises N identical damped oscillators with
uniform coupling strength between adjacent oscillators. Our findings reveal that in the
helical NOBK model, a chiral response is consistently observed irrespective of the value
of N, which is due to the intrinsic mirror symmetry-breaking arrangement. However, the
corner NOBK model exhibits chiral response only in configurations with even N, as odd
N oscillators possess mirror symmetry and do not exhibit chiral response. Furthermore,
our study demonstrates that the magnitudes of ORD and CD monotonically increase with
N when the parameters of each oscillator are held constant. Specifically, we consider two
scenarios: large damping and small damping. In instances of weak coupling, the spectral
shapes of ORD and CD remain unchanged, whereas strong coupling induces significant
alterations in their spectral shapes. For large damping, both ORD and CD exhibit small
spectral amplitudes, with relatively simple and broad spectral features. In contrast, for
small damping, strong coupling introduces degeneracy in the coupled oscillator system,
resulting in multiple zero crossings in the ORD spectrum and multiple peaks/dips in the
CD spectrum. The number of zero-crossings for ORD and peaks/dips for CD is directly
related to N. In particular for CD, the collective eigen vibrations of an even number of
helical oscillators correspond to the dips and peaks observed, while for an odd number of
helical oscillators, only those collective modes with no mirror symmetry eigen vector pairs
can demonstrate chiral response.

This comprehensive theoretical framework can not only enhance our understanding
of chiro-optical responses in structures with similar configurations but also help us design
specific chiral metamaterials. The model can be used to explain the chiral response of
helically and corner stacked chain molecules, such as DNA or DNA like structures [25]. It
can also be used to explain the chiro-optical response of chiral metamaterials. For example,
for the helically Au-nanoparticle-decorated DNA structures shown in Figure 7a [18,19],
since each Au NP can be treated as a damped plasmonic oscillator [13,16], the number of Au
NPs decorated on the DNA will be determined by the length of the DNA. It is expected from
our model that one can change the length of the DNA to change the number N of the Au
NPs, so that the chiro-optical response of the structure can be tuned. Similarly, if one could
tune the diameter of the Au NP, one can effectively tune the damping and coupling between
adjacent Au NPs (due to the change in the gap d between adjacent Au NPs, as shown in
Figure 7a), and, therefore, tune the chiro-optical response. In addition, the theoretical model
can be used to design new chiral metamaterials to meet specific requirements. For helically
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stacked plasmonic materials realized by Larsen et al. [17] or helically stacked plasmonic
bars shown in Figure 7b, the damping parameter b of the Ag layers is experimentally
determined by the thickness and quality of the deposited plasmonic materials and the
intrinsic material properties [26–28]. If the quality of the deposited material is poor, the
damping b will be large, one can observe broad and simple chiral responses like those
shown in Figure 2, regardless of the coupling strength c. However, if high-quality material is
used and deposited, resulting in a small b, then the chiral optical response of the system can
be tuned by the coupling strengths as well as the number of plasmonic layers. The coupling
between adjacent oscillators is determined by the thickness and dielectric property of the
thin dielectric layer between two plasmonic layers shown in Figure 7b. By appropriately
choosing the material and the thickness of the insulating layers (such as SiO2 in [17]), one
can decrease or increase the coupling strength c. Another design parameter is the number of
plasmonic layers, N. Therefore, once the parameters b and c can be experimentally adjusted
to relate to deposition conditions and structural configurations, one can implement the
theoretical equations obtained here to help in designing desired chiral metamaterials with
specific chiro-optical response.
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Appendix A Inverse of the Tridiagonal Matrix

We consider the inverse of the general tridiagonal matrix

AN =



a1 c1 0 0 0 0 · · · 0 0 0
b2 a2 c2 0 0 0 · · · 0 0 0
0 b3 a3 c3 0 0 · · · 0 0 0
0 0 b4 a4 c4 0 · · · 0 0 0
0 0 0 b5 a5 c5 · · · 0 0 0
...

...
...

...
...

...
...

...
...

...
0 0 0 0 0 0 · · · aN−2 cN−2 0
0 0 0 0 0 0 · · · bN−1 aN−1 cN−1
0 0 0 0 0 0 · · · 0 bN aN


(A1)

The inverse of this matrix can be computed using co-factor matrices and has been
performed in [29] by Huang and McColl. The main result is the following (Theorem 2.1
and its proof was given in Appendix A in [29]). To write down the inverse explicitly, first
we need to define the second-order linear recurrences

z0 = 1, z1 = a1; zi = aizi−1 − bici−1zi−2, i = 2, 3, · · · , N (A2)

and
yN+1 = 1, yN = aN ; yj = ajyj+1 − bj+1cjyj+2, j = N − 1, N − 2, · · · , 1. (A3)

Then the inverse matrix A−1
N =

{
ϕi,j

}
(1 ≤ i, j ≤ N) can be expressed as

ϕj,j =
1

aj − bjcj−1
zj−2
zj−1

− bj+1cj
yj+2
yj+1

, j = 1, 2, 3, · · · , N (A4)

where b1 = cN = 0 and

ϕi,j =

{
−ci

zi−1
zi

ϕi+1,j i < j

−bi
yi+1

yi
ϕi−1,j i > j

=

(−1)j−i
(

∏
j−i
k=1 cj−k

)
zi−1
zj−1

ϕj,j i < j

(−1)i−j
(

∏
i−j
k=1 bj+k

)
yi+1
yj+1

ϕj,j i > j
(A5)

The inverse of the tridiagonal matrix can be computed N2 + 7N − 7 arithmetic operations.

Appendix A.1 Inverse of Matrix of the Helical NOBK Model

Let AN be the matrix of the helical NOBK model. To simplify the notation, let a = Ω2,
then the matrix becomes

AN =



a b1 0 0 0 0 · · · 0 0 0
b1 a b2 0 0 0 · · · 0 0 0
0 b2 a b3 0 0 · · · 0 0 0
0 0 b3 a b4 0 · · · 0 0 0
0 0 0 b4 a b5 · · · 0 0 0
...

...
...

...
...

...
...

...
...

...
0 0 0 0 0 0 · · · a bN−2 0
0 0 0 0 0 0 · · · bN−2 a bN−1
0 0 0 0 0 0 · · · 0 bN−1 a


. (A6)

The matrix is symmetric, tri-diagonal, with the diagonal {a, a, a, · · · , a} and the other
two diagonals {b1, b2, b3, · · · , bN−1}, where bk =

(
−1)k−1g . We first define the second-

order linear recurrences

zi = azi−1 − b2
i−1zi−2, i = 2, 3, · · · , N (A7)
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with z0 = 1 and z1 = a; and

yj = ayj+1 − b2
j yj+2 j = N − 1, N − 2, · · · , 1 (A8)

where yN+1 = 1 and yN = a. Then the inverse matrix A−1
N =

(
ϕi,j

)
(1 ≤ i, j ≤ N) can be

expressed as

ϕj,j =
1

a − b2
j−1

zj−2
zj−1

− b2
j

yj+2
yj+1

, (A9)

where j = 1, 2, · · · , N, b0 = bN = 0 and

ϕi,j = ϕj,i = −bi
zi−1

zi
ϕi+1,j i < j. (A10)

We apply the formula inductively to obtain

ϕi,j = ϕj,i = (−1)j−i
(
∏j−i

k=1 bj−k

) zi−1

zj−1
ϕj,j i < j. (A11)

Since bj = (−1)j−1g, b2
j = g2, and ∏

j−i
k=1 bj−k = gj−i∏

j−i
k=1 (−1)j−k−1 = gj−i(−1)

(j−i)(j+i−3)
2 ,

this yields

ϕi,j = (−1)
j(j−1)−i(i−1)

2 gj−i zi−1

zj−1
ϕj,j i < j. (A12)

Next, we compute zi and yj. They are satisfying the same linear recurrence equations
and initial (terminal) conditions but reversing the order. Hence, we have yj = zN+1−j for
j = 1, 2, · · · , N. We just need to compute the zis.

zi = azi−1 − g2zi−2, with z0 = 1, z1 = a. (A13)

We have essentially computed zi in the beginning.

zi = gi
sin((i + 1)cos−1( a

2g ))

sin(cos−1 a
2g )

. (A14)

Then we note that yj has the exact same recursive formula as zi but reversing the order
by starting from N + 1 and N. Hence, we have yj = zn+1−j for 1 ≤ j ≤ N + 1, i.e.,

yj = zN+1−j = gN+1−j
sin((N + 2 − j)cos−1( a

2g ))

sin(cos−1 a
2g )

. (A15)

To simplify the notation, let σ = cos−1( a
2g ), since zi = gisin((i+1)σ)

sinσ and

yj =
bN+1−jsin((N+2−j)σ)

sinσ , recall that ϕj,j =
1

a−b2
j−1

zj−2
zj−1

−b2
j

yj+2
yj+1

, the denominator is calculated as

a − b2
j−1

zj−2

zj−1
− b2

j
yj+2

yj+1
= a − g2

[
zj−2

zj−1
+

yj+2

yj+1

]
. (A16)

Then
zj−2

zj−1
+

yj+2

yj+1
=

1
g

[
sin[(j − 1)σ]

sin[jσ]
+

sin[(N − j)σ]
sin[(N + 1 − j)σ]

]
. (A17)

Note that a
g = 2cosσ, sin[(j−1)σ]

sin[jσ] = sin(jσ)cosσ−cos(jσ)sinσ
sin[jσ] = cosσ − cot(jσ)sinσ,

and sin[(N−j)σ]
sin[(N−j+1)σ] = sin[(N+1−j)σ]cosσ−cos(N+1−jσ)sinσ

sin[(N+1−j)σ] = cosσ − cot[(N + 1 − j)σ]sinσ, we
can simplify the denominator to be,
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This implies that

g
[
2cosσ − sin[(j−1)σ]

sin[jσ] − sin[(N−j)σ]
sin[(N+1−j)σ]

]
= gsinσ[cot(jσ) + cot((N + 1 − j)σ))

= gsinσsin[(N+1)σ]
sin(jσ)sin[(N+1−j)σ] .

(A18)

ϕj,j =
sin(jσ)sin[(N + 1 − j)σ]

gsinσsin[(N + 1)σ]
, (A19)

and for i < j

ϕi,j = (−1)
j(j−1)−i(i−1)

2 gj−i zi−1
zj−1

ϕj,j = (−1)
j(j−1)−i(i−1)

2
sin(iσ)
sin(jσ) ·

sin(jσ)sin[(N+1−j)σ]
gsinσsin[(N+1)σ]

= (−1)
j(j−1)−i(i−1)

2
sin(iσ)sin[(N+1−j)σ]

gsinσsin[(N+1)σ] ,
(A20)

and ϕj,i = ϕi,j.

Appendix A.2 Inverse of Matrix of the Corner NOBK Model

The matrix AN for the corner NOBK model can be written as

AN =



a b 0 0 0 0 · · · 0 0 0
b a b 0 0 0 · · · 0 0 0
0 b a b 0 0 · · · 0 0 0
0 0 b a b 0 · · · 0 0 0
0 0 0 b a b · · · 0 0 0
...

...
...

...
...

...
...

...
...

...
0 0 0 0 0 0 · · · a b 0
0 0 0 0 0 0 · · · b a b
0 0 0 0 0 0 · · · 0 b a


, (A21)

here, a = Ω2 and b = g. Based on Equations (A1)–(A5), the inverse of AN is given by
setting bj = cj = b. Let A−1

N = (ϕi,j), ϕi,j is given by

ϕi,j =

{(
−1)i+jbj−iθi−1ϕj+1/θN if i < j

θi−1ϕj+1/θN if i = j;
and ϕi,j = ϕj,i (A22)

where the θi is detAi with θ0 = 1 and θ1 = a and satisfies the recurrence relation

θi = aθi−1 − b2θi−2, i = 2, 3, · · · , N. (A23)

and the ϕj satisfies the recurrence relation

ϕj = aϕj+1 − b2ϕj+2, j = N − 1, N − 2, · · · , 1 (A24)

with initial conditions ϕN+1 = 1 and ϕN = a. We have essentially computed θi in the beginning.

θi = det(Ai) = bi sin
(
(i + 1)cos−1( a

2b
))

sin
(
cos−1 a

2b
) . (A25)

Then we note that ϕj has the exact same recursive formula as θi but reversing the order
by starting from N + 1 and N. Hence, we have ϕj = θN+1−j for 1 ≤ j ≤ N + 1, i.e.,

ϕj = θN+1−j = bN+1−j sin
(
(N + 2 − j)cos−1( a

2b
))

sin
(
cos−1 a

2b
) . (A26)
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To simplify the notation, we let σ = cos−1( a
2b
)

and

θi =
bisin((i + 1)σ)

sinσ
and ϕj =

bN+1−jsin((N + 2 − j)σ)
sinσ

. (A27)

Hence for i < j,

ϕi,j = (−1)i+j sin(iσ)sin((N + 1 − j)σ)
bsinσsin((N + 1)σ)

(A28)

and when i = j,

ϕj,j =
θj−1ϕj+1

θN
=

sin(jσ)sin((N + 1 − j)σ)
bsinσsin((N + 1)σ)

. (A29)

References
1. Kaschke, J.; Wegener, M. Optical and Infrared Helical Metamaterials. Nanophotonics 2016, 5, 510–523. [CrossRef]
2. Li, J.; Yang, G.; Yuan, Y.; Wu, Q.; Zhang, K. Ultra-Thin Chiral Metasurface-Based Superoscillatory Lens. Front. Mater. 2022, 8, 806725.

[CrossRef]
3. Ashalley, E.; Ma, C.-P.; Zhu, Y.-S.; Xu, H.-X.; Yu, P.; Wang, Z.-M. Recent progress in chiral absorptive metamaterials. J. Electron. Sci.

Technol. 2021, 19, 100098. [CrossRef]
4. Yoo, S.; Park, Q.H. Metamaterials and chiral sensing: A review of fundamentals and applications. Nanophotonics 2019, 8, 249–261.

[CrossRef]
5. Khorasaninejad, M.; Chen, W.T.; Zhu, A.Y.; Oh, J.; Devlin, R.C.; Rousso, D.; Capasso, F. Multispectral Chiral Imaging with a

Metalens. Nano Lett. 2016, 16, 4595–4600. [CrossRef]
6. Esposito, M.; Tasco, V.; Cuscunà, M.; Todisco, F.; Benedetti, A.; Tarantini, I.; Giorgi, M.D.; Sanvitto, D.; Passaseo, A. Nanoscale 3D

Chiral Plasmonic Helices with Circular Dichroism at Visible Frequencies. ACS Photonics 2015, 2, 105–114. [CrossRef]
7. Lee, S.; Kang, J.-H.; Yoo, S.; Park, Q.H. Robust numerical evaluation of circular dichroism from chiral medium/nanostructure

coupled systems using the finite-element method. Sci. Rep. 2018, 8, 8406. [CrossRef]
8. Zhang, Z.Y.; Zhao, Y.P. Optical properties of helical Ag nanostructures calculated by discrete dipole approximation method. Appl.

Phys. Lett. 2007, 90, 221501. [CrossRef]
9. Zhang, Z.Y.; Zhao, Y.P. The visible extinction peaks of Ag nanohelixes: A periodic effective dipole model. Appl. Phys. Lett. 2011,

98, 083102. [CrossRef]
10. Tao, Z.; Zhang, J.; You, J.; Hao, H.; Ouyang, H.; Yan, Q.; Du, S.; Zhao, Z.; Yang, Q.; Zheng, X.; et al. Exploiting deep learning

network in optical chirality tuning and manipulation of diffractive chiral metamaterials. Nanophotonics 2020, 9, 2945–2956.
[CrossRef]

11. Kuhn, W. The physical significance of optical rotatory power. Trans. Faraday Soc. 1930, 26, 293–308. [CrossRef]
12. Born, M. On the Theory of Optical Activity. R. Soc. Publ. 1935, 150, 84–105.
13. Yin, X.; Schaferling, M.; Metzger, B.; Giessen, H. Interpreting chiral nanophotonic spectra: The plasmonic Born-Kuhn model.

Nano Lett. 2013, 13, 6238–6243. [CrossRef]
14. Davis, M.S.; Zhu, W.; Lee, J.K.; Lezec, H.J.; Agrawal, A. Microscopic origin of the chiroptical response of optical media. Sci. Adv.

2019, 5, eaav8262. [CrossRef]
15. Gui, L.; Hentschel, M.; Defrance, J.; Krauth, J.; Weiss, T.; Giessen, H. Nonlinear Born-Kuhn Analog for Chiral Plasmonics. ACS

Photonics 2019, 6, 3306–3314. [CrossRef]
16. Karimitari, N.; Ai, B.; Zhao, Y. A comparison study of the born-kuhn model and the finite-difference-time-domain calculations on

stacked plasmonic nanorods. J. Phys. D Appl. Phys. 2022, 55, 325104. [CrossRef]
17. Larsen, G.K.; He, Y.; Ingram, W.; LaPaquette, E.T.; Wang, J.; Zhao, Y. The fabrication of three-dimensional plasmonic chiral

structures by dynamic shadowing growth. Nanoscale 2014, 6, 9467–9476. [CrossRef]
18. Shen, X.; Song, C.; Wang, J.; Shi, D.; Wang, Z.; Liu, N.; Ding, B. Rolling Up Gold Nanoparticle-Dressed DNA Origami into

Three-Dimensional Plasmonic Chiral Nanostructures. J. Am. Chem. Soc. 2012, 134, 146–149. [CrossRef]
19. Kuzyk, A.; Schreiber, R.; Fan, Z.; Pardatscher, G.; Roller, E.-M.; Högele, A.; Simmel, F.C.; Govorov, A.O.; Liedl, T. DNA-based

self-assembly of chiral plasmonic nanostructures with tailored optical response. Nature 2012, 483, 311–314. [CrossRef]
20. Song, C.; Blaber, M.G.; Zhao, G.; Zhang, P.; Fry, H.C.; Schatz, G.C.; Rosi, N.L. Tailorable Plasmonic Circular Dichroism Properties

of Helical Nanoparticle Superstructures. Nano Lett. 2013, 13, 3256–3261. [CrossRef]
21. Svirko, Y.P.; Zheludev, N.I. Polarization of Light in Nonlinear Optics; Wiley: Hoboken, NJ, USA, 2000.
22. Schäferling, M. Chiral Nanophotonics; Springer International Publishing: Berlin/Heidelberg, Germany, 2017.
23. Amnon Yariv, P.Y. Optical Waves in Crystals: Propagation and Control of Laser Radiation; Wiley: Hoboken, NJ, USA, 2002.
24. Pain, H.J. The Physics of Vibrations and Waves, 4th ed.; Wiley: Hoboken, NJ, USA, 1993.
25. Liu, Y.; Xiao, J.; Koo, J.; Yan, B. Chirality-driven topological electronic structure of DNA-like materials. Nat. Mater. 2021, 20,

638–644. [CrossRef]

https://doi.org/10.1515/nanoph-2016-0005
https://doi.org/10.3389/fmats.2021.806725
https://doi.org/10.1016/j.jnlest.2021.100098
https://doi.org/10.1515/nanoph-2018-0167
https://doi.org/10.1021/acs.nanolett.6b01897
https://doi.org/10.1021/ph500318p
https://doi.org/10.1038/s41598-018-26815-5
https://doi.org/10.1063/1.2743938
https://doi.org/10.1063/1.3556620
https://doi.org/10.1515/nanoph-2020-0194
https://doi.org/10.1039/tf9302600293
https://doi.org/10.1021/nl403705k
https://doi.org/10.1126/sciadv.aav8262
https://doi.org/10.1021/acsphotonics.9b01400
https://doi.org/10.1088/1361-6463/ac6e9f
https://doi.org/10.1039/C4NR01878H
https://doi.org/10.1021/ja209861x
https://doi.org/10.1038/nature10889
https://doi.org/10.1021/nl4013776
https://doi.org/10.1038/s41563-021-00924-5


Nanomaterials 2024, 14, 270 22 of 22

26. Yu, Y.; Jiang, Y.; Tang, Z.; Guo, Q.; Jia, J.; Xue, Q.; Wu, K.; Wang, E. Thickness dependence of surface plasmon damping and
dispersion in ultrathin Ag films. Phys. Rev. B 2005, 72, 205405. [CrossRef]

27. Oates, T.W.H.; Wormeester, H.; Arwin, H. Characterization of plasmonic effects in thin films and metamaterials using spectroscopic
ellipsometry. Prog. Surf. Sci. 2011, 86, 328–376. [CrossRef]

28. Politano, A.; Chiarello, G. The influence of electron confinement, quantum size effects, and film morphology on the dispersion
and the damping of plasmonic modes in Ag and Au thin films. Prog. Surf. Sci. 2015, 90, 144–193. [CrossRef]

29. Huang, Y.; McColl, W.F. Analytical inversion of general tridiagonal matrices. J. Phys. A Math. Gen. 1997, 30, 7919. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1103/PhysRevB.72.205405
https://doi.org/10.1016/j.progsurf.2011.08.004
https://doi.org/10.1016/j.progsurf.2014.12.002
https://doi.org/10.1088/0305-4470/30/22/026

	Introduction 
	N-Oscillator Born–Kuhn Models 
	The Helical NOBK Model 
	The Corner NOBK Model 

	Conclusions 
	Appendix A
	Inverse of Matrix of the Helical NOBK Model 
	Inverse of Matrix of the Corner NOBK Model 

	References

