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1. Introduction

The important role played by the dielectric screening in determining excitonic properties of various two-dimensional semiconduc-
tor heterostructures has been the subject of numerous investigations over the last several decades (for recent studies see, for example,
[1-13]). A particularly interesting direction of current experimental research involves perovskite chalcogenide films whose in-plane dielec-
tric anisotropy gives rise to some rather unusual optical behavior [14,15]. Past theoretical work on two-dimensional dielectric screening
involved various ab initio calculations [1,2], the use of the nonlinear Thomas-Fermi model [4], [7], the modified Mott-Wannier approach
[8], the transfer matrix method [13], as well as various approaches based on effective mass approximation [6,10]. Here we pursue what
is likely the simplest possibility — generalization to anisotropic films of classic calculations by Rytova [16] and Keldysh [17,18]. The mo-
tivation for this approach is rather obvious: we want to get a better sense of how the famous isotropic form of screened electrostatic
interaction energy,

V(p) = (qq’ /ed)[Ho(p/po) — Yo(p/po)], (1)

is modified under the minimal number of microscopic assumptions. In what follows, we provide the general expression for the Fourier
image of the anisotropic potential in momentum space, and analytically work out in real space the weakly anisotropic case only. Interested
readers are invited to improve on that calculation by exploring the strongly anisotropic scenario.

2. General considerations
The electrostatic potential energy of interaction between charges q and g’ located at (p,z) and (0,7Z) (z > 2/, p = (x,y)) inside an

anisotropic semiconductor film of thickness d surrounded by two isotropic media with dielectric constants €; and € is given by (see
Appendix for derivation and Fig. 6; compare with [16,17])

V(p,z,2) =/ K e®Py (K, z,2) (2)
o Q)2 ook

with
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4mqq’ cosh [l~< (% - z) + ﬁz] cosh [I} (% + z/) + ﬁl]
Vik, z,7)= €; ksinh[kd + 71 + 7] ' 3)

where

- 1 €k + €12k exkx + eyky S
12==In =\ ———— k=\ki+kj, (4)
1 2 (Ezk — €1 2]() X y

and the axes of the coordinate system (x, y,z) coincide with the principal axes of the film's permittivity tensor, € = diag(ex, €y, €;). In
the most interesting for practical applications scenario, €1 7 < €x, €y, €, and, for distances p > |z — Z’| ~d, the main contribution to the
integral in (2) comes from k satisfying kd <« ko < 1. Under these conditions, kd < 1, M2~ el,zk/(ezlz), and, with the dependence on z
and z' disappearing, we get the two-dimensional form of the interaction,

4mqq d?keikr
V0= G| Gy e k- )
€xky + €yky + (€1 +€2) 7
At this point it is convenient to introduce two “screening” lengths,
€xd €yd
= s = s 6
Pox ate Loy ate (6)
characterizing polarizability of the film in the x and y directions, respectively, and write the interaction (5) in the form
qq/ d2keik-p
Vip)= (7)
T (€1 + €32) ke (k)
where €(Kk) is the dielectric function, formally defined by
€l =1+  (Podk? + poyk2 ). (8)

which generalizes the standard isotropic result [2]. In Ref. [19], for the case of surrounding vacuum in the isotropic scenario, the authors

have numerically verified that the screening length of a monolayer can be calculated with good accuracy on the basis of Eq. (6) provided

the dielectric contrast is large and the relevant dielectric constant of the monolayer is the in-plane component of the permittivity tensor

of the bulk material. We take that as an indication that the Keldysh model is a good approximation to realistic experimental situations

and hypothesize that its anisotropic generalization proposed here should work reasonably well even for samples of monolayer thickness.
The problem thus reduces to the calculation of a two-dimensional Fourier integral,

dkxdky ei(kXerkyy)

F(x,y) = s 9
V=] em iy At B ®)
with A, B > 0. To that end, working in polar coordinates, we write,
oo 27
dtdo eltcose
=[] . —
71(61 + €2) s t[pox c0s? (6 + o) + poy sin“ (0 + a)] +
2q¢ [, 1 b
t,a,aq,
S /dt(a ), (10)
(€1 +€2)p0 t+b
0
where t =kp, o is the angle between the position vector p and the positive x-axis, as shown in Fig. 6,
1 2 eitcos@
I(t,a,a,b):—/d@ , (11)
2 1—¢2(t,a,b)cos2(0 + a)
0
and
2 at Pox 14
g“(t,a,b)= ——, a=1-—, b=-—, po=poy, (12)
t+b Poy P0 Y

with a € (—o0o, 1] playing the role of the anisotropy parameter; the greater the |a|, the greater the anisotropy, with a =0 corresponding to
the isotropic case.

Without loss of generality, we may assume that 0 < pox < poy, and thus 0 < a < 1. Then, since t > 0, we have 0 < e2(t) < 1. Taking
into account the well-known Fourier series expansion [20],

00 2n
1 = ! 1+2§ ¢ cos(2ny) (13)
1—g2cos x  /1—¢2 =\1+V1-¢2 x|
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Fig. 1. Graphs of Vy in units of |qq’|/(e1 + €2)po, and V1/Vp, with a = 0.1, in the weakly anisotropic case, calculated on the basis of Egs. (19) and (18) and direct numerical
integration in Eq. (10).

and using the fact that fzn do et <59 sin(2n6) = 0, we get for the §-integral in (11) the asymptotic multipole series,

2
;L/dee”wse < £®) >2n< ! /d@ e‘t°°59cos(2n9)) cos(2nar)
NECOES pE N v
_ Jo(®) 2 ( e(t) )tjo(t)—Zh(t)

V1 —g2(t) \/1—52(0 14+/1—¢2(t) t
L2 ( &(t) )4 (t2 —24) Jo(t) — 8 (t> — 6) J1(t)
V1I—e20) \1+/1-¢(t) £

where Jo and J; are the Bessel functions of the first kind.

21

I(t,x,a,b) =

cos(2a)

cos(4a) + ..., (14)

3. Weak anisotropy

In a rather straightforward manner (for a better approach see Sec. 4), assuming 0 < a <« 1 and treating £2(t,a, b) as a small parameter
n (14), we get, in lowest order,

&2 2

I(t) = Jo(t) + ﬂ]o e )<J ) - ];(t)> cos(2cr), (15)

and, thus,
200 [ [Jo® _af tho®  tio®—2Ji(®
Vv = — 2 . 1
- (el+ez)p00/dt{t+b +3lisnet P o] 1o

Performing the remaining t-integration we find,

V(b,) =Vo(b) + Vi(b, ), (17)
where

mqq’
Vo(b) = ﬁ[Ho(b) Yo(b)] (18)

is the standard Keldysh-Rytova result, and

/

qq

2 (€1+€2)p0
a mqq

Lo mag
2 (€1 +€2)p0

|

Vi, ) = [Ho(b) —Yo(b) + %b +bY1(b) —bHy (b)]

[2 b3 +b [(b2 - 2) Y1 (b) +bY0(b)] —b [(bz _ z) Hi(b) +bHo(b)] — ;]

cos(2a)
b2

is the linear correction whose graph is shown in Fig. 1 (assuming qq’ < 0). In the above, various H; and Y; denote the Struve and Neumann
functions, respectively.
For b« 1, or d < p K po, we get

2qq’ 2 2qq' 20
=—"2" IIn(Z)-y|l=—"—|In(Z=) -], 20
(€1 + €2)po [n <b> y} (€1 +€2)p0 [n( o ) y} 29

__ aqq’ [ln <z> VP cos(2a):| __ aqq [ln (@) VP cos(Za)] ’ (21)
(€1 +€2) 0 b 2 (€1 +€2)p0 0 2

(19)
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Fig. 2. Graphs of the relative errors defined in Eqgs. (24) and (25). The vertical asymptote (in blue) is at the point with o =0, for which V =V (exact Keldysh value);
compare with Fig. 1. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

where y &~ 0.577216 is the Euler constant. Since fozn cos(2a)da = 0, the excitonic ground state energy in this case experiences a first
order shift,

_ _omasg f(2) 2
AEO_(€1+€2)po/<ln<b> v 1)Itlfo(b)| bdb, -

0

where vg(b) is the unperturbed axially symmetric ground state wave function. On the other hand, for b > 1, or p > po, Egs. (18) and
(19) reproduce the standard Coulomb asymptotics,

2qq’ 1  acosQu 2qq’
V(b,oo:L(—— ( )>a 9 (23)
(€1+€2)p0 \ b b (€1+€)p
To get a sense of the error involved in this linear approximation, we define two relative errors by
El‘l‘] = Vexact - Vapprox _ Vl exact — V] (24)
Vexact VEX&CI
and
El’rz = Vexact - Vapprox _ Vl exact — V] , (25)

Vexact - VO V] exact

respectively, with V1 exact = Vexact — Vo. Here, Vapprox = Vo + V1 is calculated on the basis of Eqgs. (18) and (19), and Vexact is found by
direct numerical integration of the double integral in (10). The corresponding results are summarized in Fig. 2. Notice that for all p the
error Erry is greatest for points with o = 71 /2. The error Erry is particularly troublesome, as the blue curve clearly indicates.

4. Weak anisotropy: renormalized Keldysh interaction

A better linear approximation can be achieved by “renormalizing” the zeroth order Keldysh contribution, Vg, as follows: we re-write
the monopole term in (14) as shown below,

Jo(®) +[< Jo Jo(t)>Jr 2 ( 0] >2f10(t)—211(f)
Vi—a J1—g2(t)y ~V1—-a) J1-e2(t)\14+1-¢2(t) t

~O(a)

1(t) =

cos(a) + } (26)

and expand everything in square brackets to linear (leading!) order in a. The potential then becomes

C2q¢ [ 1 Jo® _a  bjo®  tlo® -2/
V(b,a)_(61+62)p00fdt{mt+b+2[ TS cos(20¢)]}, 27)

which should be compared with (16). We then find

V(b,a) = Voren(b) + Viren(b, o), (28)
where

mqq’  Ho(b) —Yo(b)

174 b) =
oren(?) (e1+€)p0  J1—a

(29)
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Fig. 3. Graphs of Vqreq in units of |qq’|/(€1 + €2)00, and V1 ren/Voren, With a = 0.1, in the weakly anisotropic case, calculated on the basis of Eqs. (29) and (30) and direct
numerical integration in Eq. (10). Compare with Fig. 1.

is the renormalized isotropic Keldysh term, and

_a_ maq [2 _
Viren(b, ) = 2 @ +€)p0 |:n_b+byl(b) bH](b)]
@ 7qq’ [2,5 2_ —b[ (b2 - _ A cos)
3 e [nb +b[(b z) Y1(b)+bYo(b)] b[(b z) H1(b)+bHo(b)] n} s (30)

is the corresponding linear correction consisting of a linear monopole and a linear dipole contributions, Fig. 3. Now in the b « 1 limit we
get

2qq¢ In (%) -V

Voren = (31
ren (e1+€2)p0 /1—a )
and a perfectly reasonable first order correction
aqq’ cos(2c)
Vl ren — — |:1 + s (32)
(€1 +€2)00 2
which does not contain the logarithmic term. The excitonic ground state energy in this case undergoes a simple first order shift,
aqq’
AE = 33
gren (€1 +€2)p0 33)

Notice that our renormalization procedure eliminates logarithmic terms in all orders of the monopole perturbation, not just the first
one. For example, keeping the second order monopole contribution in square brackets in Eq. (26) would add the term

ymonopole) _ 3¢” _ 7qq” 8, 5 (b) — b?Ho(b) + 3bY; (b) — 3bH; (b) (34)
2en 16 (et e L ’ ° 1 1
to the potential in (28), which in the b < 1 limit is just

/

9q2
Vz(r?eonnopole) __ a9 ) (35)
8 (€1+€2)po
Returning to the linear approximation (28), we again define two relative errors,
Vexact - Vrena rox V] renexact — Vl ren
EIT1 ren = PproX _ , (36)
Vexact Vexact
and
Vexact - Vrena rox V1 ren exact — Vl ren
EIT2 ren = pprox _ , (37)

Vexact - VO ren Vl ren exact
with V1 renexact = Vexact — Voren and Vryenapprox = Voren + V1ren. The corresponding numerical results presented in Fig. 4 show that our
revised approximation scheme is indeed superior to the one used in Sec. 3.
Finally, we also performed a numerical simulation in the extreme anisotropic regime, as shown in Fig. 5. In that case, the “correction”
V1renexact becomes comparable to Vren, and the linear approximation breaks down.

5. Summary

The classic Keldysh-Rytova formula for screened Coulomb interaction in semiconductor thin films has been generalized by taking into
account the anisotropy of the layer’s dielectric permittivity tensor. The Fourier image of the anisotropic potential in momentum space, as
well as the linear correction to the isotropic potential in real space, have been worked out in closed analytical form. The case of strong
in-plane anisotropy, however, remains unresolved due to the appearance of the function I(t, o, a, b) (see Egs. (11) and (14)), whose explicit
analytical expression is not known.
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Fig. 4. Graphs of the relative errors defined in Egs. (36) and (37). Compare with Fig. 2.
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Fig. 5. Graphs of Vi renexact in units of |qq’|/(€1 + €2)po and V1 renexact/Voren, With a = 0.9, in the strongly anisotropic case (calculated numerically on the basis of Egs. (10)
and (29)).
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Appendix A. Momentum space representation

Following [16] and [17], we consider a geometry in which the anisotropic semiconductor film occupies the region of space —d/2 <z <
d/2, as shown in Fig. 6. The half-space z < —d/2 (the substrate) is filled with an isotropic medium whose dielectric constant is €1, while
the half-space z > d/2 with an isotropic medium whose dielectric constant is €;.

We are assuming that the axes of the coordinate system (x, y,z) coincide with the principal axes of the film’s dielectric permittivity
tensor. The electrostatic potential at point r= (p, z) = (x, y, z) due to charge q’ located at r' = (0, 0, Z') satisfies in regions 1, 2, and 3 (the
film) the following system of equations:

R L L
— +— 4+ — r,r)=0, 38
(axz+ayz+azz>"’1( ) (38)
% 9% 92
— r,r')=0, 39
<8x2 toyrt azz)¢2( ) (39)
8’ 0> , T
€x Fr + €y _ay2 +€; 2 ¢3(r,¥')=—4mq's(r—r), (40)
with the boundary conditions at the interfaces,
L0y} 063
_ = 07 —_— _— = 07 41
(92 ¢3)Z:% (62 0 7, >z=§ (41)
a3 a1
(#3—¢1),__a=0, |€&—— —€1—— =0, (42)
2 0z 0z J,__d

and the boundary conditions at the two infinities,

¢2|z—>+oo =0, P11z —00 = 0. (43)
Fourier transforming,
d’k

etk z ). k= k). (44)

$123(r, 1) =
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Fig. 6. Left: Semiconductor film geometry; the (x, y,z) axes coincide with the principal axes of the dielectric permittivity tensor of the film, €. Right: Mutual orientation of
vectors k and p used in Eq. (5).

and substituting into (38), (39), and (40), we get the following equations for the corresponding Fourier components,

92 5
<a2 k)qb](kzz)_ (45)
82
<_2 - k2> ¢2(k,2,7) =0, (46)
0z
2 - - 4mq’
) pskz 2y =21 y, (47)
072 €
where
exk? + €,k?
k=Kkl= ki +k3, k= ]2V (48)
Conditions at infinity, (43), combined with Eqgs. (45) and (46) give
3o (k
i1 = Ao@he ™, P20 -y ek, (49)
9 1
#100 =A@, I _ay@ek, (50)
while Eq. (47) gives, for z # 7/,
$3(k, 2 2) = A3(2)e¥ + B3(2)e ™, (51)

and, at z= 7/, the jump discontinuity in the z-derivative,

z=7'40

A3 (k 4q
¢3(k) _ _4md (52)
0Z |,—p_0 €7
Imposing the boundary conditions at the z = +d/2 interface,
A2 ™2 = A3 (2)eMI? + B (2)e M2, (53)
—exkAy(Z)e K2 = ;k [Ag(z/)e’;d/z - Bg(z’)e*’?d/z] , (54)
we get
$3(0) 2=z = As(@) [ + 2RO (55)
where
.1 [ek+ek
fiy = o1n [ XYY (56)
2 Ezk — 62’(
Similarly, imposing the boundary conditions at the z= —d/2 interface, we get
As(2)e M2 1 By(z)eM/ = Ay (2)e 12, (57)
€k [1743(2/)9_’2‘1/2 - Eg(z’)ei‘d/z] = e1kAq(2))e k2 (58)
and, after defining
- 1 €k + ek
fiy = = n [ ) (59)
2 sz — 61’(

find
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$3(0)]; <z = Aa(2) [l + 72 KD], (60)
Now, for z =7/, Egs. (52), (55), and (60) give
As(2) [e’zz/ + ezﬁ”r‘(d‘z')] — A3(?) [e’EZ/ + e 2 ‘E(d“')] =0, (61)
~ T ~ 7 7 ~~ Tt = o / 47T !
kA3 (z/) [ekz _ le)z+k(d—z )] —kAs (Z/) [ekz _ e—zm —k(d+z )] - _ . q , (62)
z

resulting in

efcz’ + ezﬁ2+fc(d—z’)

2 N o /
A3(Z) = As(Z) e 1o 2 (63)
and
4d e—kd/2=72 cosh [IE(d/Z +7)+ fh]
As(Z) = 2T ~ (64)
ek 2sinh [kd + 7+ ﬁz]
Taking into account that
ek | e2Matk(d=2) _ pekd/2+i2 ¢osh [l~<(d/2 -2+ ﬁz] , (65)
we get
r(d = (d o\ s
5 4mq Cosh|k(5—z)+72|cosh|k(5+2 )+
k,z>7)= ikl [(2 ~> ~] = [~(2 ) ] (66)
€ ksinh[kd + 771 + 712]
For z < 7, a similar calculation results in
m(d / = r(d 7
y 4 Cosh|k(5 —2")+ 72 |cosh|k(5+2z)+7
3k,z<7)= | [ (2 _ ) _ ] . [~<2 ) ] (67)
€ ksinh[kd + 77 + 712]
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